The Poynting effect, in which a cylinder elongates or contracts axially under torsion, is an important nonlinear phenomenon in soft materials. In this paper, analytical solutions are obtained for homogeneous and bi-layered cylinders under torsion, axial and combined loadings, employing second-order elasticity and Lagrangian equilibrium equations. Explicit parameters for judging the sign of the Poynting effect are given. It is found that the effect in a soft composite may be significantly amplified over that in homogeneous materials and that it is strongly influenced by the interface position and by the material configuration in the composite. A coupled axial force-twist effect under combined loading, i.e., the twist of a torsionally loaded cylinder can be affected by the axial loading, is also found. Comparison of the predictions with the torque-tension-twist data for cardiac papillary muscles shows reasonable agreement. The solutions also provide the basis for a mechanistic method of determining third-order elastic constants.
Introduction
Soft materials such as synthetic polymers have a very diverse range of applications, e.g., drug delivery (Brazel and Peppas, 1999) , tissue scaffolding (Stammen et al., 2001) , miniature sensors (Han et al., 2002) and actuators (Beebe et al., 2000) . The mechanical properties of biopolymer networks also play an essential role in many physiological functions of cells and tissues (Janmey et al., 2007) . A common feature of soft materials is their nonlinearity, which distinguishes them from materials such as ceramics and metals. The Poynting effect, i.e., a cylindrical specimen elongates or contracts in the axial direction under torsion, is one of the important nonlinear phenomena. It has long been recognized that many elastic materials exhibit the positive Poynting effect when subjected to torsion (Poynting, 1909; Rivlin, 1953) . However, recent discovery shows that many biopolymers exhibit the negative Poynting effect under torsion or shear. Networks of semiflexible biopolymers (actin, vimentin, neurofilaments) may generate negative normal stresses of magnitude comparable to the applied shear stress (Janmey et al., 2007; Kang et al., 2009; Conti and MacKintosh, 2009) , or equivalently, they contract axially under torsion.
A number of models have been used to investigate the Poynting effect, as briefly reviewed below. Mihai and Goriely (2011) imposed a set of adscititious inequalities related to material parameters for describing the Poynting effect of hyperelastic materials subjected to simple or pure shear. Both the positive and negative effects are possible according to these inequalities. In a later paper, they also studied the Poynting effect via the finite element method (Mihai and Goriely, 2013) . In this work, they emphasized that for a small triaxial stretch superimposed on simple shear, the normal stress contribution due to the triaxial stretch should be removed to judge if the Poynting effect exists. Similarly, when pure shear is imposed on an axially stretched solid, the Poynting effect should be defined with respect to the length after pre-stretching and not the initial length before any loading is imposed. Horgan and Murphy (2011) , employing a logarithmic form for the strain energy densities of incompressible anisotropic materials, showed that the negative Poynting effect is generated in the presence of large material anisotropy and is also present under certain loading conditions. Misra et al. (2010) experimentally showed that the negative normal stress in anisotropic myocardial tissue under shear is larger than in Sylgard gel, which they also described theoretically using an exponential form and an Ogden form of the strain energy densities for the tissue and the gel, respectively. Wu and Kirchner (2010) showed that the negative Poynting effect is generally possible for biogels. Their work is based on second-order elasticity. Kang et al. (2009) developed microstructural models which consider filament bending and tension energies as well as thermal fluctuations. These are used to predict the direction and magnitude of the normal stress under shear. Janmey et al. (2007) developed a microstructural model, based on the transition from a bendingdominated to a stretching-dominated phase of the filaments, in order to interpret the negative normal stress effect. Zubov (2001) developed an expression to determine the Poynting effect in isotropic incompressible materials, for which an explicit expression was given for a neo-Hookean material. Earlier works on second-order torsion such as those of Gupta (1976, 1979) and Blackburn and Green (1957) did not study the Poynting effect or the problem of combined torsion-axial loading. Green and Shield (1951) examined the problem of a small twist superposed on finite extension, and again the Poynting effect was not the objective of their investigation.
To our knowledge, the problem of the Poynting effect in multilayered composites has received little attention. On the other hand, many natural biomaterials such as skin, heart valves, articular cartilage, small-intestinal submucosa and vascular tissues are multilayered, see for example Diridollou et al. (2000) , Sofer et al. (2002) , Alexopoulos et al. (2003) , Stella and Sacks (2007) , Zhao et al. (2011) and Browning et al. (2012) . Criscione et al. (1999) investigated the twist rate of cardiac capillary muscles under a constant axial stretch as a function of the twisting moment. The muscles are considered as composites consisting of a core of myocardium inside a thin sheath of endocardium. Another example is the stroma of the cornea, made up of collagen fibrils embedded in a hydrated matrix of proteoglycans, glycoproteins and keratocytes. The biomechanical response plays a critical part in corrective surgeries such as LASIK and diseases such as keratoconus and corneal dystrophies (Boyce et al., 2007) . In general, connective tissues such as tendons and ligaments are fiber-reinforced soft composite materials, and the issues of nonlinearity, finite strains, anisotropy and viscoelasticity have been active areas of research (Limbert and Taylor, 2002) . Furthermore, multilayered hydrogel networks can also be synthesized (Cuchiara et al., 2010) for many applications such as tissue regeneration, wound healing and drug delivery (Detzel et al., 2011; Jessel et al., 2006) . Zhu et al. (2004) used a polyelectrolyte multilayer technique to create multilayer coating on poly-(DL-lactide) to promote chondrocyte attachment and growth. A layer-by-layer technique was also used to create multilayer coatings of chitosan and heparin on biomaterials to control MG-63 osteoblast adhesion and growth (Kirchhof et al., 2009) . A multilayer biomimetic scaffold mimicking the structure of cancellous and cortical bones was designed for bone tissue engineering, which shows an enhanced mechanical strength and larger pore size in the center (Kong et al., 2007) . In a physiological environment, biomaterials are often subjected to complex loading which may involve torsion and axial loading (tension or compression). The combined torsion-tension loading of a multilayered cylinder is thus of major interest.
In this paper, the analytical solutions for cylindrical multilayered composites under pure torsion, pure axial loading and combined torsion-axial loading are obtained within the framework of Murnaghan's (1951) second-order elasticity theory. The focus of the work is on the Poynting effect in soft and metallic composites. A further interesting question is, in contrast to the Poynting effect described thus far, whether an axial loading can contribute to the twist of the cylinder. We shall call this the ''axial force-twist effect.'' The Poynting effect refers to the axial deformation of a cylinder under pure torsion, and was named in honor of Poynting (1909) . This effect can be positive or negative. The axial force-twist effect can also be positive or negative, the former meaning that both the torsion and axial loadings produce twist in the same sense while the latter meaning that they produce twist in mutually opposite sense. We further note that under pure axial loading of a circular cylinder, the twist or rotational displacement is necessarily zero because of the axisymmetric constraint. This means that the Poisson effect for this displacement component does not exist in the usual sense. The Poisson effect exists for the radial displacement under pure axial loading. Hence, the axial force-twist effect, which is judged by the rotational displacement, is not associated with the Poisson effect. The axial force-twist effect is rarely discussed in the literature, an exception being Zubov (2001) , who investigated it in terms of an isotropic incompressible neo-Hookean material. The term ''inverse Poynting effect'' was used by Zubov (2001) , but it should not be confused with the term ''negative Poynting effect''.
The contributions of the current work can be summarized as follows: (1) consideration of bi-layered composites under torsion, axial and combined loadings, (2) elucidation of the second-order effects on mechanical behavior, (3) identification of the coupled components of the elastic fields under combined loading, (4) development of an explicit material-and geometry-dependent parameter for predicting the Poynting effect, (5) investigation of how material properties and geometrical configurations can influence the nonlinear phenomena, thus opening the possibility of designing bio-inspired multilayered composites with desirable characteristics, (6) exploration of the axial force-twist effect, and (7) determination of the third-order elastic constants of soft materials through the Poynting effect dependence on the radii of the constituent layers.
The paper is organized in following manner. In Section 2, the second-order nonlinear elastic model is established and analytical solutions are obtained for bi-layered cylinders under torsion, axial and combined loadings and specialized for (monolayered) homogeneous cylinders. In Section 3, the effects of material nonlinearity and geometrical complexities are presented, highlighting nonlinear phenomena such as the Poynting effect and the axial force-twist effect, as well as the existence of second-order normal stresses. Further discussions, especially for applications of results, are given in Section 4. A summary of the present work is given in Section 5.
Formulation and solutions
Consider an N-layered circular cylinder of length L and radius r N (or simply R for a homogeneous cylinder). The interfaces are located at the radial coordinates r = r i , i = 1, NÀ1, with i = 1 denoting the innermost interface, as shown in Fig. 1 . All the layers are nonlinear elastic, isotropic, homogeneous and perfectly bonded to each other. The composite cylinder is subjected to either a torsion T, an axial loading P (tension or compression), or a combined T-P, with respect to the longitudinal direction. The initial coordinates of a particle of the cylinder are chosen as (r, h, z), which respectively represent the radial, angular and axial coordinates. The final coordinates are denoted by (q; w; f). Murnaghan (1951) has investigated the pure torsion, and partially the pure tensile loading, of a homogeneous cylinder. Besides the second-order elasticity framework of Murnaghan, one may adopt various forms of the strain energy density functions, e.g., neo-Hookean, Mooney-Rivlin, St. Venant-Kirchhoff, Ogden, and polynomial forms. The Murnaghan energy density function is chosen for the following reasons: (1) it is general rather than specific and the linear and second-order nonlinear effects can be distinguished; (2) the elastic properties are captured by two second-order and three third-order elastic constants, which can be determined through measuring speed variations of shear waves as a function of applied stress (Catheline et al., 2003) ; (3) analytical solutions can be obtained for multilayered geometries as found in this work; and (4) the elastic parameters can be correlated to parameters of other models, e.g., via the comparison of the strain energy density to that of microstructural models based on mechanical and chemical contributions (Wu and Kirchner, 2010) . Wang and Wu (2013a) have recently used the second-order model to study cylindrical multilayers under dilatational loadings.
The energy density W of Murnaghan (1951) is:
where k and l are the second-order and l, m, n the third-order elastic constants, respectively, and J 1 , J 2 , and J 3 are the strain invariants of the Lagrangian strain E:
The Lagrangian strain is expressed in terms of the deformation gradient as:
and the first Piola-Kirchhoff stress (relating forces in the current configuration to area vectors in the undeformed configuration, and generally non-symmetric) is defined as:
where I is the identity and coE represents the co-factor matrix of E. The asterisk in F ⁄ denotes the transpose. We solve all the problems consistently, starting from the deformations and the equilibrium equations in terms of the first Piola-Kirchhoff stresses. The equilibrium equations in cylindrical coordinates in terms of the first Piola-Kirchhoff stresses are (Volokh, 2006) :
Strictly speaking, the component T rr should be written as T qr , which represents the stress along the q-direction in the deformed configuration with respect to the r-face in the undeformed configuration. Similarly, T hr should be written as T wr in the strict notation. As remarked by Volokh (2006) , Lagrangian equilibrium equations in cylindrical and spherical coordinates are surprisingly ''rarely discussed'' in the literature, but they are of major interest in the mechanics of soft biomaterials. For simplicity, we will present the solutions for cylinders up to two layers only.
Pure torsion
Under torsion, the final coordinates ðq; w; fÞ of the particle of a cylinder whose initial coordinates being ðr; h; zÞ are given by (r þ kFðrÞ; h þ kaz þ k 2 GðzÞ; z þ kHðzÞ), where kFðrÞ; kaz þ k 2 GðzÞ; kHðzÞ are the radial, angular and axial displacements respectively, with a denoting the angle of twist per unit length in the usual linear theory. Here k is a marker indicating the order of approximation of the theory; for second-order theory we retain terms up to k 2 . The unknown radial displacement kF(r) = k[F 1 (r) + kF 2 (r)], where F 1 (r) and F 2 (r) are respectively the first-and second-order terms. These terms are assumed to be functions of r only and not of z since all the sections are twisted in the same manner. The unknown second-order angular displacement k 2 GðzÞ is assumed to be a function of z, but will be shown to vanish, meaning that there is no additional twist under torsion in second-order elasticity theory. The unknown axial displacement kH(z) = k[H 1 (z) + kH 2 (z)], where H 1 (z) and H 2 (z) are respectively the first-and second-order terms. These are taken to be functions of z only and not of r since the bar sections elongate or contract uniformly. This deformation representation for pure torsion permits displacements in both the axial and radial directions. The sign of the axial displacement determines the positive or negative Poynting effect. Let a and x(a) denote the position vectors in the undeformed and deformed states, respectively. Their differentials are then:
where the derivatives
. The deformation gradient F is thus:
The stresses can be obtained by substituting Eq. (2.9) into Eq. (2.4). Substituting the stresses into Eqs. (2.5)-(2.7) with Note that the first-order term arising from Eq. (2.6) is identically satisfied, resulting in five equilibrium equations. We next solve these five equations for the unknown functions F 1 , F 2 , G, H 1 and H 2 for both the homogeneous and the two-layered cases. Solving the second-order equations requires the solutions of the first-order ones, as can be seen from the appearance of F 1 and H 1 in Eqs. (2.12)-(2.14).
2.1.1. Torsion of a bi-layered cylinder 2.1.1.1. First-order solutions. For an N-layered cylinder, the governing equilibrium equations are applied to each layer, and the form of the solutions is essentially identical to the homogeneous case. The essential difference lies in the requirement of interface continuity of the tractions and displacements for the N-layered problem. Considering a bi-layered cylinder, the solutions to Eqs. (2.10) and (2.11) for the first-order radial and axial displacements F ¼ 0, and that these first and secondorder shear stresses also vanish under pure axial and combined loadings.
With the constants determined, the linear displacement in the two layers can be written as: ð2:24Þ
can be seen that there are no radial and axial displacements in the first-order theory, with the latter implying that the Poynting effect does not exist in the first-order theory. Furthermore, the two layers rotate with the same angle so that a radius remains straight all the way from the cylinder center through the interface to the outer boundary. The linear stresses can be written as: 
21 are combinations of the material constants k i ; l i ; m i ; n i , geometrical parameters r i and the applied torsion T. Because of their complexities, they are not listed explicitly. They do not depend on l i (only in the case of pure torsion). This reduced dependence on only four constants k, l, m and n is a consequence of the cylindrical symmetry of the problem.
2.1.1.3. Combined first-and second-order solutions. In summary, the components of the total displacement field (first-and second-order) can be written as:
ð2:36Þ
where D is defined as the Poynting effect coefficient for a bi-layered cylindrical composite: 
The radial and axial displacements represent second-order effects.
Here, D is a very complex combination of the elastic constants, the radii and torsion applied of the two layers. This suggests that the overall Poynting effect of the composite may depend on the interface position in a nonlinear, and possibly unexpected manner, as shown later. Furthermore, the total stress field can be written as:
where the second-order normal stresses also assume complicated forms involving the material constants, the radii and the torsion. They are not written here explicitly due to their lengthiness but they can be computed easily.
Torsion of a homogeneous cylinder
The above results for a bi-layered cylinder can now be specialized for a homogeneous cylinder of radius R. By setting
(2.36), the displacement field can be written as: 
is the Poynting effect coefficient for the homogeneous cylinder. It can be seen that under pure torsion u h is first-order in nature while u r and u z represent second-order effects. In particular, u z or D predicts the positive or negative Poynting effect while u r predicts the associated radial expansion or contraction. The T 2 dependence in D implies that the direction of the torque does not influence the positive or negative nature of the Poynting effect. The sign of the effect is primarily determined by the relative values of the elastic constants. Note the strong inverse dependence on R
6
. For a metal such as silver, the elastic constants are (Hirth and Lothe, 1982; Hiki and Granato, 1966) 
The normal stresses, as represented by Eqs. (2.43)-(2.45), represent second-order effects, while the shear stress T hz ¼ T zh represents a first-order effect consistent with the usual linear theory. The normal stresses depend on both the second-and third-order elastic constants, while the shear stress does not depend on these constants at all.
Pure axial loading
Under the uniform axial stress P, the final coordinates ðq; w; fÞ of the particle of the cylinder whose initial coordinates being ðr; h; zÞ are (r þ kFðrÞ; h þ kGðzÞ; z þ kHðzÞ), where kFðrÞ; kGðzÞ; kHðzÞ are respectively the radial, angular and axial displacements. The unknown radial displacement kF(r) = k(F 1 (r) + kF 2 (r)), where F 1 (r) and F 2 (r) are respectively the first-and second-order terms. These terms are assumed to be functions of r only and not of z since all the sections are axially loaded in the same manner. The unknown angular displacement GðzÞ ¼ G 1 ðzÞ þ kG 2 ðzÞ, where G 1 (z) and G 2 (z) are respectively the first-and second-order terms. They are taken to be functions of z, but will be shown to vanish identically in agreement with the physical reasoning that any twisting of the bar in one direction under an axial load will contradict with the axisymmetric nature of the axial load with respect to the circular cross-sections. A non-vanishing kG(z) would have predicted an axial force-twist effect, i.e., twisting of the bar under axial loading. The unknown axial displacement H(z) = H 1 (z) + kH 2 (z), where H 1 (z) and H 2 (z) are respectively the first-and second-order terms. These are taken to be functions of z only and not of r since the bar sections elongate or contract uniformly in the z-direction. This displacement field under tension permits displacements in all coordinate directions.
The differentials of position vectors a and x(a)in undeformed and deformed states can be written respectively as:
, and
. The deformation gradient is thus: 
ð2:53Þ
These equilibrium equations can be solved for the unknown functions F 1 , F 2 , G 1 , G 2 , H 1 and H 2 , for both the homogeneous and the two-layered cases. 
ð2:63Þ
The linear stresses in Layer 1 can be written as:
T
Lð2Þ in Layer 2 also has three diagonal terms only:
11 ðk 2 þ 2l 2 Þ : ð2:68Þ
It can be seen that the bi-layered cylinder does not demonstrate an axial force-twist effect in the linear theory. Also, both Layers 1 and 2 undergo identical first-order axial displacements. , the second-order displacement and stress fields can be obtained. Specifically, the components of the total displacement field (first-and second-order) in the bi-layered cylinder can be written as: 
21 are complex combinations of material parameters k i ; l i ; l i ; m i ; n i , geometrical parameters r i and the applied axial loading P. Due to their lengthiness, they are not listed explicitly in this paper. It can be seen that the radial and axial displacements are not zero, while the circumferential displacement vanishes identically. There is no axial force-twist effect up to the second-order elasticity theory for a bi-layered composite under pure tension. This is also true for a multilayered composite. The combined stresses can be written as: 
ð2:72Þ
where the second-order normal stresses assume complicated forms involving the material parameters, the radii and the axial loading.
Axial loading of a homogeneous cylinder
Specializing Eqs. (2.69)-(2.71) for a homogeneous cylinder of radius R, the displacement field can be written as:
where E ¼ lð3k þ 2lÞ=ðk þ lÞ is the usual Young's modulus related to the Lamé constants k and l, and two new dimensionless constants are introduced as:
ð2:77Þ
Under pure axial loading, both the first-and second-order terms of u h vanish. Hence, no axial force-twist effect can occur. For u r and u z , the first-order components are linearly dependent on P, but the second-order ones are functions of P 2 , implying that the second-order displacement changes in the radial and axial directions are independent of the direction of the axial loading. The dependence of these terms on P 2 implies that the second-order effect becomes increasingly important at larger axial loading. Lastly, the stress field for a homogeneous cylinder can be obtained by a specialization of Eq. 
Combined torsion-axial loading
Under combined torsion T and axial loading P, the final coordinates ðq; w; fÞ of the particle of a cylinder whose initial coordinates being (r; h; z) are assumed to be ðr þ u r ; h þ u h =r; z þ u z Þ, where the radial displacement u r ¼ kFðrÞ, the angular displacement u h =r ¼ kaz þ kGðzÞ and the axial displacement u z ¼ kðP=EÞzþ k 2 ðP=EÞ 2 dz þkHðzÞ. The radial displacement term F(r) = F 1 (r) + kF 2 (r) captures any contribution due to T and P. In the angular term, kaz is the known linear contribution due to pure torsion (the second-order contribution is zero), and GðzÞ ¼ G 1 ðzÞ þ kG 2 ðzÞ captures any other contribution such as pure axial loading and combined loading. Similarly, kðP=EÞz þ k 2 ðP=EÞ 2 dz in the axial term is the known linear and second-order contributions due to pure axial loading, and H(z) = H 1 (z) + kH 2 (z) captures any other contribution. It is noted that G(z) permits the additional rotation of a cylinder when an axial loading P is imposed, i.e., an axial force-twist effect may be possible. As shown previously, G(z) = 0 for both homogeneous and bi-layered cylinders under pure loading modes. On the other hand, H(z) permits an axial displacement under torsion and captures the Poynting effect. Using a similar procedure as before, the deformation gradient F of the cylinder under combined torsion-axial loading can be obtained. The stresses are obtained by substituting F into Eq. (2.4). Using these stresses in Eqs. (2.5)-(2.7) with @w=@r ¼ 0,
, we obtain three first-order and three second-order equilibrium equations which are omitted here for brevity. rz containing the product of T and P exists, meaning that the circumferential displacement will change by this value when an axial loading P is applied in the presence of a torsion T. This coupled term vanishes when T = 0. Hence, although a coupled axial force-twist effect is not possible under pure axial loading, it is possible under combined torsion-axial loading.
Combined torsion-axial loading of a bi-layered cylinder
The resulting total stress field can be written as: are coupled in T and P and they are not equal. Their complex forms are not shown here.
Combined torsion-axial loading of a homogeneous cylinder
For the homogeneous cylinder, specialization of Eqs. (2.79)-(2.81) leads to the following total displacement field in explicit form:
83Þ
rz; ð2:84Þ
The radial, circumferential and axial displacements all contain linear and nonlinear parts. Importantly, u h has an additional coupled term Àðk 2 PTðnk þ 4lm þ 6kl þ 8l 2 ÞrzÞ=ð2pR 4 l 3 ð3k þ 2lÞÞ in the expression, which shows the possibility of an axial force-twist effect, while u ðiÞ r and u ðiÞ z do not contain such coupled terms. The total stress field can be obtained by specialization of Eq. (2.82), yielding the following explicit form: 
Summary of solutions
To illustrate clearly the first-and second-order terms in the displacement and stress components under pure torsion (T), pure axial loading (P) and combined loading (TP), the matrices for the three modes are respectively written in the following manner.
(a) Homogeneous cylinder:
ð2:91Þ
(b) Bi-layered cylinder:
It can be seen that for combined loading, a direct superposition of the pure loading cases is generally not valid.
Numerical results
The section focuses on the influence of the interface position (denoted by r = r 1 ) and the elastic constants (k i , l i , l i , m i , n i ; i = 1, 2) on the second-order stresses and displacements. We consider several soft materials whose elastic constants have been determined in comparison to the experimental data of soft materials, e.g., agar-gelatin (Catheline et al., 2003) and poly(acrylic acid) (PAA) gels (Wang and Wu, 2013b) . For these two materials, the elastic constants k, l, l, m, n are 2:25 Â 10 6 ; 8; À2 Â 10 6 ; À20Â 10 6 ; 80 kPa, and 60, 12.21, À42.67, À35.60, À23.50 kPa, respectively. The large value of k for the gelatin implies near incompressibility. In addition, we also consider several metallic materials whose elastic constants can be found in the works of Hirth and Lothe (1982) , Hiki and Granato(1966) , Hughes and Kelly (1953) , Powell and Skove (1982) and Sindhu and Menon (2001) . For parametric studies, the elastic constants are varied from these reference values, and r 1 is also varied from 0 to the radius r 2 of the outer boundary. The applied torque assumes a magnitude of T = 6 Â 10 À10 or10 Â 10 À10 kPa m 3 , and the applied axial loading stress P = 1.5 or 0.1 kPa. The cylinder has the length L = 0.01 m, and an outer radius of L/10 or L/5. Fig. 2 plots the D = 0 and S = 0 contours in the l-n space for a soft cylinder of overall radius 0.002 m subjected to pure torsion. The variable S refers to the second-order radial displacement at the outer surface normalized with respect to the overall radius. In Fig. 2(a) and (b) , the cylinders are homogeneous but with different elastic constants. In Fig. 2(c) , the cylinder is a composite with Layers 1 and 2 respectively made of the materials in Fig. 2(a) and (b).
For the homogeneous cylinder in Fig. 2(a) , the l-n space (holding k and m fixed) is seen to be partitioned into three regions, indicated by I, III and IV. Regions I and II indicate regions of positive Poynting effect (D > 0), but with S > 0 and S < 0, respectively. Regions III and IV indicate regions of negative Poynting effect (D < 0), but with S > 0 and S < 0, respectively. This figure shows the absence of Region II within the l-n space, i.e., the homogeneous cylinder cannot elongate axially and contract radially within the parameter range investigated. Roughly speaking, the negative Poynting effect is predicted for negative and relatively small positive n in this case. In Fig. 2(b) , however, Region I is missing and the homogeneous cylinder cannot elongate axially and expand radially at the same time.
The influence of inhomogeneity via the introduction of two concentric layers in the cylinder of the same overall size (r 1 = 0.001 m, r 2 = 0.002 m) is illustrated in Fig. 2(c) . Here the D = 0 and S = 0 contours are plotted in the l 2 -n 2 space. All the elastic constants of Layer 1 (inner layer) are held fixed. Also, k 2 and m 2 of Layer 2 are held fixed at the same values as those of the homogeneous material in Fig. 2(b) . For the same range of parameter values, it can be seen that the regions in Fig. 2(a) and (b) have fused and rearranged themselves so that all four regions are now present. Given the existence of the four regions, there will be either volumetric expansion or contraction of the cylinder in general. This figure shows the possibility of using elastic inhomogeneity to design for an overall positive or negative Poynting effect with radial (or volumetric) expansion or contraction in a cylinder under torsion. Fig. 3(a) -(c) plot the variation of D with r 1 for three materially different soft composites of the same overall size (r 2 = 0.002 m, L = 0.01 m) subjected to the torque T = 6 Â 10 À10 kPa m 3 . In each sub-figure, the solid and dotted lines denote respectively the results for a composite and its reverse configuration, i.e., the materials of Layers 1 and 2 are interchanged in the two composites. At r 1 = 0, the composite degenerates into a homogeneous cylinder made up completely of Layer 2 material. Similarly, at r 1 = r 2 the homogeneous cylinder is composed of the material of Layer 1.
Several interesting and unusual phenomena can be observed. First, the curve may not vary monotonically between the two end points r 1 = 0 and r 1 = r 2 , implying that the Poynting effect is amplified beyond that of the homogenous cylinders. This is evident in Fig. 3(a) and (b), but not in Fig. 3(c) . As a case in point, consider the solid line of Fig. 3(b) , where D ' +0.13 Â 10 À5 and À0.83 Â 10 À5 for homogeneous cylinders of Layers 2 and 1, respectively. Joining these two materials into a composite of the same overall size, however, may result in D 'À2 Â 10
À5
, depending on the interface position. Second, the order in which the two materials are placed in the composite may also strongly influence the Poynting effect. In Fig. 3(b) , reversing the layer materials un the composite results in D 'À3.8 Â 10 À5 (dotted line), almost twice that of the original configuration. Third, this amplification effect is not always present. Fig. 3(c) is an example of two materials whose composite does not have a Poynting effect stronger than the homogeneous ones. Finally, a minor point is that there may exist multiple interface positions where the Poynting effect is the same regardless of the order of the layers, as indicated by the intersection of the solid and dotted curves. We further explore the above behaviors for several metallic composites. Fig. 4 plots the results for three different metal combinations. The metals in Layers 1 and 2 are silver and copper, aluminum and copper, and TiAl alloy and Armco iron for the solid lines in the three sub-figures, respectively. The dotted lines show the results for the reverse configurations. It can be observed that the curves vary monotonically between their end points; there is no amplification of the Poynting effect. Another point worthy of note is that D is of the order of 10 À11 to 10 À12 , much smaller compared to the range of 10 À2 to 10 À5 for the soft materials investigated in Fig. 3 . For a homogeneous cylinder of TiAl intermetallic, D is negative as shown in Fig. 4(c) .
Dependence of second-order effects on elastic constants and interface position under axial loading
With reference to Fig. 5 , a two-layer soft composite (r 1 = 0.001 m, r 2 = 0.002 m, L = 0.01 m) is subjected to pure axial loading P = 1.5 kPa. The material constants of the two layers are held fixed and listed in Table 1 , except for l 1 and l 2 which are varied to show their influence on the stresses T zz on either side of the interface r = r 1 . In Fig. 5(a) and (b) , the contours T zz (r = r within which T zz is either positive or negative, respectively, unlike the purely homogeneous case where only the first-order component T zz = kP exists and is constant throughout the cylinder. There are both k and k 2 normal stresses in a composite cylinder under axial loading. Also, T zz (r = r þ 1 ) and T zz (r = r À 1 ) are not equal, as implied by the differences in the curves shown in the two sub-figures. The dependence on the elastic constants is complex; for instance there are two values of l 1 for a given l 2 for which T zz (r = r þ 1 ) = 0, as indicated by the loop in Fig. 5(a) .
We investigate how the second-order radial displacement u NL r at the outer boundary and the second-order axial displacement u NL z at the top end, vary with the interface position of a two-layer composite and its reverse configuration. The cylinders (r 2 = 0.001 m, L = 0.01 m) are subjected to the axial loading of P = 0.1 kPa, and their elastic constants are given in Table 1 . Fig. 6(a) plots u NL r ðr 2 Þ=r 2 versus r 1 , while Fig. 6(b) u NL z ðLÞ=L versus r 1 . Both displacements vary nonlinearly with r 1 , but u NL r ðr 2 Þ=r 2 in a non-monotonic and u NL z ðLÞ=L in a monotonic manner. In particular, the second-order radial displacement of the composite may be significantly larger than that of its homogeneous counterparts. This is similar to the Poynting effect of a composite and its homogeneous counterparts under pure torsion. Fig. 6(b) shows that the axial displacement does not display this amplification effect, however. Table 1. elastic parameters are held fixed and listed in Table 1 . This displacement component is a coupled term (depending on both T and P) while the linear component is solely dependent on T, as shown in Eq. (2.80). The cylinder parameters are r 1 = 0.001 m, r 2 = 0.002 m and L = 0.01 m. The torque T = 10 Â 10 À10 kPa m 3 and P = 1 kPa.
In Fig. 7(a) , the l 2 -n 2 space is seen to be partitioned into two regions, indicated by I and II, which means positive and negative u NL h ðz ¼ LÞ, respectively. By varying l 2 and n 2 , u NL h ðz ¼ LÞ can be positive or negative, implying that the twisting angle may increase (positive axial force-twist effect) or decrease (negative axial force-twist effect) when an axial loading P is imposed on the cylinder under a torsion T. Roughly speaking, the positive effect is achieved when l 2 < 350 kPa and n 2 < 0 kPa or l 2 > 450 kPa and n 2 > 50000 kPa. Fig. 7(a) illustrates the possibility of designing a biomaterial composite with positive or negative axial force-twist effect via elasticity.
In order to compare the different dependences of the axial force-twist effect for composites of soft biomaterials and metallic materials, Fig. 7 (b) is presented. Here the u NL h ðz ¼ LÞ ¼ 0 contour is also plotted in the l 2 -n 2 space. The material in Layer 1 is chosen to be silver, and k 2 and m 2 of Layer 2 is chosen from the values for copper with l 2 and n 2 varied in the simulation. It can be seen that Regions I and II are very different from those shown for the soft composite. Generally speaking, the positive axial force-twist effect is obtained for negative values of n 2 , depending on m 2 , with l 2 < 6 Â 10 5 kPa as indicated by Region I. Thus for soft and metallic composites, Fig. 7 shows the great difference between their dependences of the axial force-twist effect on the elastic parameters.
It should be mentioned that the axial force-twist effect in soft composites under combined loading cannot be ignored. Results not included here show that the coupled angular displacement is generally one order of magnitude less than the angular displacement due to pure torsion. Moreover, the coupled term is proportional to P and it will become larger for a larger P. In contrast, the axial force-twist effect in metals is not obvious, with the coupled angular displacement about five orders of magnitude less than the angular displacement due to pure torsion.
Dependence of second-order displacements on interface position
An interesting question is the relative importance of torsion versus axial loading when a soft composite is subjected to combined loading. This is investigated in Fig. 8(a) , which plots the variation of u Fig. 8 (a) . Also, T dominates over P if a composite is made up of roughly equal amount of the different materials, but P dominates over T if the composite is made up of a large core with a thin outer layer or a small core with a thick outer layer. The relative contributions of P and T can also differ in sign. In Fig. 8(b) , there exists a singular point when r 1 % 0:0002 m, around which the contribution of T to axial displacement nearly vanishes and the contribution of P dominates. This merely means that the Poynting effect disappears for this composite with interface located at r 1 % 0:0002 m. The results shown here naturally also depend on the relative magnitudes of T and P.
Dependence of second-order stresses on interface position
A bi-layered composite is subjected to the combined loading T ¼ 10 Â 10 À10 kPa m 3 and P = 1 kPa. The variations of the second-order coupled terms in the shear stress components T hz ðr ¼ r À 1 Þ and T zh ðr ¼ r À 1 Þ with r 1 are plotted for soft and metal composites in Fig. 9(a) and (b) , respectively. The metallic composite is made up of copper in Layer 1 and silver in Layer 2.
A number of observations can be made. The coupled terms in T hz ðr ¼ r À 1 Þ and T zh ðr ¼ r À 1 Þ are not equal. Both do not vary monotonically between the end points r 1 = 0 and r 1 = r 2 and will achieve an extremum at certain values of r 1 . The end points represent homogeneous materials. Thus, although two homogeneous materials have zero or small second-order effects, their composites may have such effects significantly amplified. Moreover, these effects in the soft composite are much larger than those in the metallic composite, with magnitudes of the order of 10 À2 and 10 À6 kPa, respectively, as compared to the loading of P = 1 kPa.
Comparison with experimental data
In Fig. 10 , the prediction of the twisting moment T and the average axial stress P of the second-order model versus the twist per unit length (twist rate) is compared to the experimental data of Criscione et al. (1999) for finite extension and torsion on cardiac papillary muscles. This muscle is considered as a composite of a myocardium core and a thin endocardium sheath, with an overall radius in the range of 0.375 to 0.65 mm and a sheath thickness of less than 25 lm. Since it is transversely isotropic, the second-order isotropic model here should be regarded as an approximation. The finite extension is held fixed at a stretch ratio of 1.04. Fig. 10(a) and (b) plot T and P versus the twist per unit length. The elastic constants for the two materials used in the simulation are listed in Table 1 . The shear moduli l i are of the order of 10 kPa, with k i calculated assuming near-incompressibility. The third-order elastic constants are adjusted to fit the test data. The torque-twist rate prediction appears to overestimate the data (a larger T is predicted for a given twist rate), while the axial stress-twist rate prediction fits the data reasonably well. The analytical expressions for T and P are solved from the equilibrium equations; they are not arbitrary expressions with a number of fitting constants which can be calibrated against the data. The discrepancy between theory and data may be attributed to the assumption of complete isotropy in the theory, while the test specimens are actually transversely isotropic with the property in the longitudinal direction different from that Positive and negative axial force-twist effects are predicted for Regions I and II, respectively. in the transverse plane. However, it is possible to develop a transversely isotropic second-or even higher-order model, and the associated number of elastic constants can be reduced if the further assumption of incompressibility is built directly into the theory.
Further discussion
The Poynting effect has mostly been investigated for homogeneous materials. The results in this paper are relevant for composite materials under complex loading. They have many applications as discussed below.
First, many natural biomaterials are composites, architecturally hierarchical, and are often subjected to complex multiaxial loads in their physiological environment. Criscione et al. (1999) conducted finite extension and torsion experiments on papillary muscles in order to characterize their constitutive behavior. They modeled the material as a bi-layered composite consisting of a core of myocardium inside a thin sheath of endocardium. We determined the third-order elastic constants l, m and n for both the core and the sheath. Haberl et al. (2004) investigated experimentally the kinematic response of lumbar spinal units subjected to torsion, compression and flexion/extension. These units can be considered as a composite material with a soft material (nucleus pulposus) between them. Tóth et al. (2005) studied the mechanical parameters of arterial walls, specifically related to human brain aneurysm (bulge along a blood vessel). The authors modeled the arterial wall as a three-layer cylindrical composite subjected to combined extension, torsion and inflation (which mimic real physiological conditions).
Understanding of the mechanics of natural biomaterials in their operating environment is crucial to the development of artificial tissues and organs in the field of medicine. Tissue and organ damage or failure is a major health issue and there has been intensive research in the field (Persidis, 1999; Danoux et al., 2013) . The results in this paper are relevant to the design of bio-mimicking composite polymers, natural and/or synthetic, for use as replacement tissues.
Soft biomaterials such as collagen, fibrin, vimentin, neurofilaments and actin demonstrate the Poynting effect, as pointed out by Janmey et al. (2007) . In the movement of micrometer-sized mitochondria through the cytoskeleton of a narrow axon, the negative Poynting effect (which generates negative normal stress) may facilitate organelle motion without distending the axon diameter. The large stresses generated by the Poynting effect can caused significant effect on the overall force balance in the cytoskeleton under shear or torsion. Studies of the Poynting effect are therefore of key interest and form the main focus of our paper.
Second, the results may assist in the design of medical instruments. A key requirement in the development of high-fidelity surgical simulators is the realistic modeling of the interaction between surgical instruments and human organs. Human organs are generally inhomogeneous and multilayered. The Poynting effect can result in differences in force or displacement magnitude larger than the absolute human perception threshold for force or displacement discrimination in some tissues (e.g. myocardial tissues) but not in others (e.g. brain tissues), as described in Misra et al. (2010) . Using our results, the magnitude of the forces or displacements of multilayered human organs generated by the Poynting effect can be predicted.
Third, the Poynting effect can be utilized in the design and operation of actuators and sensors. A bio-inspired polymer composite actuator can be made, based on the phenomenon that an input torsion may generate a large output axial displacement, which can be used to actuate a connecting device. According to our results, materials parameters and interface positions can be used to adjust (and possibly maximize) the ratio of output displacements to input torsion. Similarly, a torsionally stressed actuator, if subjected to a further input axial force, may generate an additional output twist, according to the axial force-twist effect. The amount of twist can likewise be controlled by the material elasticity and the interface design. Conversely, a bio-inspired polymer sensor can be designed for sensing torsional moments based on the Poynting effect, i.e., measurements of the axial length change can be used to detect and indeed predict the magnitude of the torsional moment.
Furthermore, the results obtained also have important implications for the development of accurate torsion test protocols for the determination of material properties of soft tissues. If a linear or even a nonlinear model is used for analyzing a soft tissue in a combined torsion and extension experiment in which both the Poynting effect and axial force-twist effect are neglected, there could be significant errors in measuring both the shear modulus (due to the extra twisting caused by the axial force-twist effect) and the Young's modulus (due to the extra extension or contraction caused by the Poynting effect).
The celebrated Poynting effect, in which a cylindrical specimen extends under a torque, is a second-order effect that has been wellinvestigated for homogeneous materials. This paper develops expressions, i.e., Eqs. (2.42) and (2.37), which permit a prediction of the Poynting effect for both homogeneous and composite cylinders, respectively. Eq. (2.42) shows that the Poynting effect can be predicted by the four elastic constants k, l, m and n as well as T and R. Similarly, Eq. (2.37) requires the elastic constants k i , l i , m i and n i as well as T and r i for a prediction. However, the elastic constants are lumped together as a single constant in the homogeneous case, while they are dispersed by r i in the composite case. An examination of Eq. (2.37) reveals that, although it is nonlinear in k i , l i , it is strictly linear in m i and n i (no terms involving m 1 m 2 , m 1 2 , etc.). These have some implications as elaborated below.
The Poynting effect decreases strongly with the cylinder radius (1/R 6 ) in the homogeneous case. The decrease is expected as it is more difficult to twist a thicker cylinder and the corresponding axial displacement would be smaller. The inverse sextic relation shows that the Poynting effect is two orders of magnitude smaller than the twist produced under torsion, which follows the inverse quartic law. The strong scale importance also suggests that the Poynting effect becomes much more significant at the micro-or nano-scale. This is in general also true for a composite cylinder but the interaction between the layer materials may result in anomalous behavior, e.g., an initial increase in the Poynting effect as the overall radius increases with the radius of the inner layer fixed. This is possible because the outer layer could have a stronger Poynting effect and increasing its size relative to the inner layer could lead to an initial increase in the effect.
Eq. (2.37) may be employed usefully in a reverse manner, i.e., determination of the elastic constants of the two layers, especially the third-order ones, by measuring the coefficient D of composites having various combinations of r i . The interspersed nature of the elastic constants and the radii results in a system of algebraic equations nonlinear in the second-order constants and linear in the third-order constants. These equations can be solved for the unknown elastic constants. A simple illustration of this is the determination of the third-order constants m i and n i for the two layers, assuming that the second-order constants (the Lamé constants, or the usual Young's moduli and Poisson ratios) have been measured by other methods. By measuring the Poynting effect coefficients for four different combinations of r i , a simple system of four linear algebraic equations where the four unknowns m i and n i can be solved easily. Provided that the Poynting effect is significant for the soft materials and amenable to measurements, and provided that composites can be fabricated from the constituent materials, this may offer an alternative method for the determination of third-order elastic constants, usually measured via acoustoelastic methods (Catheline et al., 2003; Destrade et al., 2010) . We note that the second-order effects in composite cylinders under pure axial loading may be similarly used to estimate the elastic constants. The relevant parameters that appear in the radial and axial displacement expressions are combinations of k i , l i , m i and n i as well as P and r i . Hence, both axial and torsional loadings of composite cylinders can be used in combination for the determination of second-and third-order elastic constants.
In the course of this work, it is also found that the axial forcetwist effect, in which a cylindrical specimen, homogeneous or otherwise, twists under an axial loading in the presence of a torque, is also possible within the second-order theory. This secondorder effect is an intrinsically coupled phenomenon, meaning that both the torque and axial loading must be present for it to materialize. This is unlike the Poynting effect, which appears even in the absence of axial loading. Its importance is highlighted in the paper, and its dependence on the elastic constants and the interface position of a composite cylinder is emphasized. Both the Poynting and axial force-twist effects, as well as other second-order effects, appear to be significant in soft materials but less so in metallic materials. Such findings could be useful for applications in regenerative medicine and for the design of bio-inspired soft materials, e.g., through the selection of material inhomogeneity (elastic constants of layers) and geometrical inhomogeneity (layer thicknesses).
Although this work considers inhomogeneity and nonlinearity, it does not consider elastic anisotropy or time-dependent phenomena such as viscoelasticity. Analytical solutions in elastically anisotropic and geometrically regular composites are likely obtainable using higher-order elasticity theories. Also, generalization of the solutions for multilayered composites can be achieved without difficulty, as shown in this paper for bi-layered and homogeneous cylinders. The solutions of the differential equations of equilibrium are not complicated, but the constants in the solutions will contain complex combinations of the elastic and geometric parameters. However, this is acceptable because the constants in the differential equations can be evaluated numerically with ease before the equations are actually solved.
Conclusions
The second-order effects in homogeneous and bi-layered cylinders under pure torsion, pure axial loading and combined loading have been investigated in this paper within the framework of second-order elasticity. The major contributions and findings can be summarized as follows.
First, analytical solutions have been derived for both homogeneous and bi-layered cylinders under the various loading modes, starting consistently from the equilibrium equations for the first Piola-Kirchhoff stress.
Second, the second-order effects in the displacement and stress fields have been identified, and their dependence on the elastic constants and geometrical parameters has been studied in detail. The second-order elastic fields under combined loading cannot be obtained from a simple superposition of the fields under the respective pure loading modes.
Third, the mechanics of the Poynting effect of a composite has been investigated in some depth. Explicit Poynting effect coefficients are given for both homogeneous and bi-layered composites. The key findings include: an amplified Poynting effect is possible above that of homogeneous materials, depending on the interface position; the effect is also dependent on the material configuration within the composite; the dependence of the effect on the overall cylinder size obeys an inverse sextic law.
Fourth, the axial force-twist effect has been explored. This effect is second-order in nature and exists only under combined torsion and axial loading.
Finally, the analytical solutions obtained may be used as the theoretical basis for the experimental estimation of third-order elastic constants.
